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Abstract

The European recent legislation on immigration reveal a peculiar para-

dox on migration policies: from one side as a result of increased labour

market competition and concerns about terrorism, the trend of the re-

cent legislation over immigration points to an increasing frontier closure

(OECD 1999, 2001). From another side, there is an increase of regolar-

izations, that is the european policies become less tightened. Our aim is

to study why we find counterbalancing and opposite policies in the euro-

pean immigration legislation. To do this, we have used a recent approach

to migration choice that assume that the decision to migrate can be de-

scribed as a investment decision. Our results show that uncertainty over

the immigration quota system can delay the mass entry of immigrants.

Therefore, if the government’s aim is to delay and/or control entry migra-

tion waves, it could control the uncertainty on the information related to

the immigration quota.
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1 Introduction

While the barriers to international trade and capital mobility have been largely

removed, labour markets are the most tightly regulated area of economic activ-

ity (Faini et al., 1999). Migration policies of the EU member states vis-à-vis

non-EU countries are no exception in this respect, even if the Rome Treaty ac-

knowledged the free mobility of labour as one of the four fundamental freedoms

of the Common Market. Boeri and Brücker (2005), studying European Migra-

tion, show that rules for legal immigration into the EU from third countries are

getting tighter and tighter: "since 1990 there have been 92 reforms of national

migration policies in the EU-15, that is, more than five reforms per year. Most

of these reforms are marginal in that they adjust specific provisions rather than

revising the overall regulatory framework. Furthermore, seven reforms out of

ten tighten regulations, for example, by increasing procedural obstacles faced by

those applying for visas, reducing the duration of work permits or making family

reunification more difficult", or by introducing an immigration quota system1.

Nevertheless, despite this evidence, another aspect related to migration policy

reveals a peculiar paradox on migration policies: since 1990 there have been

26 (39 since 1973) one-shot regularization programs in 10 EU countries (Jachi-

mowicz et al., 2004; Sunderhaus, 2007)2. Therefore, from one side as a result of

increased labour market competition and concerns about terrorism, the trend of

the recent legislation over immigration points to an increasing frontier closure

(OECD 1999, 2001). From another side, there is an increase of regolarizations,

that is the european policies become less tightened. Then, which kind of policy

1Source: Fondazione Rodolfo Debenedetti. See www.frdb.org for details.
2 In their broadest sense, regularization programs offer those migrants who are in a country

without authorization the opportunity to legalize their status.

Irregular migrants, also referred to as "undocumented," "unauthorized," or "illegal," are

defined by most states as those migrants who have either entered a country legally and then

fallen out of legal status – such as students, temporary workers, rejected asylum seekers, or

tourists – or those who have entered illegally, either by crossing a border undetected or with

false documents. In either case, irregular migrants do not have a legal right to residence in

the state to which they have migrated.
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is better for controlling immigration? Is it better to tighten or reduce the rules

for legal immigration? Our aim is to answer to these questions, investigating the

counterbalancing and opposite policies in the european immigration legislation.

To do this, we use a recent approach to migration choice that assume that the

decision to migrate can be described as a investment decision (Sjaastad, 1962).

In this respect, Burda (1995), following a real option approach, showed that

individuals prefer to wait before migrating, even if the present value of the wage

differential is positive, because of the uncertainty and the sunk costs associated

with migration 3. Subsequently Khwaja (2002) and Anam et al., (2004) devel-

oped Burda’s approach by describing the role of uncertainty in the migration

decision. Another work that uses real option in migration is Feist (1998), in

which the author analyses the option value of the low-skilled workers to escape

to the unofficial sector if welfare benefits come too close to the net wage in

the official sector. Three recent papers (Moretto and Vergalli, 2005; Vergalli,

2006; Vergalli, 2007) have applied the real option framework to the analysis of

the migration dynamics, focussing on the role of communities and network to

explain mass migration.

The existence of the quotas seems to be idiosyncratic with respect to various

aspects of the economic approach. Particularly we can find of it not only for that

it pertains to the migration phenomenon, by also concerning foreign investment

or also the adoption of licenses regulating the market4.

3 Investment is defined as the act of incurring an immediate cost in the expectation of

future payoff. However, when the immediate cost is sunk (at least partially) and there is

uncertainty over future rewards, the timing of the investment decision becomes crucial (Dixit

and Pindyck, 1994, p. 3).
4We can find many examples in which quotas assume an important role in the market:

capital controls are often imposed to prevent a country’s net credit position from exceeding

some acceptable level; central banks face limits on the amount of foreign reserves that can be

used to enforce an exchange rate target; firms in a fast-growing industry or in a developing

economy may be competing for extended periods for a small number of qualified managers or

hightly skilled workers; entry of firms is restricted in many industries by regulations aimed at

containing market size or by technological constraints on the use of a scarce resource. Similar

approaches arise for taxi and liquor licences, fishing and costal trade rights, the number of
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The role of quotas has been introduced in the real option theory of invest-

ment choice by two pioneering works of Bartolini (1993; 1995). In his first paper

(1993), the author develops a general model that considers the investment deci-

sion of decentralized profit-maximizing agents, who face investment adjustment

costs in a market with stochastic returns and a limit on aggregate investment.

The model is consistent with equilibrium models of asset princing under uncer-

tainty but differs from the mainstream assumption of constant investment cost,

assuming that, for technological or insitutional reason, the investment cost is

constant only until an investment ceiling becomes binding: at that point, in fact,

Bartolini shows that cost becomes infinite. His paper shows that a competitive

market reacts to this type of externality by generating recurrent runs as aggre-

gate investment fluctuates around its limit: the existence of limits on aggregate

investment may induce endogenous and recurrent asset runs. In the second pa-

per (1994), the author examines entry decisions in a market witha quota on

foreign entry and ongoing uncertainty about future returns on investment, with

a focus on the dynamics of foreign investment before the quota becomes bind-

ing. His analysis shows that the way in which entry rights are allocated among

foreign firms has important implications for the efficiency of investment. When

foreign firms are rationed, the first-best policy holds until the quota becomes

binding. When foreign firms are not rationed, they abandon the optimal policy

when their investment in the host country reaches a critical threshold. That

threshold triggers a "rent run": the quota is immediately filled, foreign firms

begin to sell at below marginal cost, and additional welfare losses are incurred.

Both Bartolini’s works, adding determined quotas in a real option frame-

work, introduce new insights on the difference between multiple-agent equilib-

ria and centralized surplus-maximizing planner. Without ceilings, when ana-

lyzing multiple-agent equilibria, the traditional studies have tipically relied on

invisible-hand-like results from the theory of investment under uncertainty: un-

der the assumption of constant investment cost, the investment policy chosen by

a centralized surplus-maximizing planner would coincide with the policy chosen

polluting trade permits or ecolabelling permits (Dosi and Moretto, 2001).
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by decentralized competitive agents. This equality is not satisfied in Bartolini’s

model, because of the existence of the ceiling.

In the first part of our paper we use the Bartolini model to describe what

could happen in the migration dynamic if the authority imposed a determined

quota on the immigration entries. In the second part of the paper, we will

ask what could happend if the quota were unknown. The results show that an

unknown quota system delays mass entry. Therefore if the government were able

to cause noise on policy information (and if it were able to control mean and

variance of the uncertainty), it could control also the mass entry. In this sense,

if the government aim is to delay entry it is convenient to generate uncertainty.

This fact could also explain why the recent legislation on immigration shows

the two counterbalancing effects explained above.

This paper is organised as follows. Section 2 summarises the evolution of

national immigration policies. Section 3 presents the model and the basic as-

sumptions. Section 4 develops the theoretical framework with known quota and

the main results. Section 5 develops the theoretical framework with unknown

quota and the main results. Finally, section 6 summarises the conclusions.

2 Evolution in National Immigration Policies

Boeri and Brücker (2005) have developed an aggregate policy index that de-

scribes "the trend in migration policies". The index is obtained by taking the

average of the following seven indicators: 1) admission requirements; 2) num-

ber of administrations involved; 3) lenghth of first stay; 4) quotas; 5) residence

requirement; 6) years to obtain a permanent permit; 7) asylum policy5 . By their

anaylsis it tourns out that the national immigration policies are becoming more

and more tighten6.

5The indexes from 1 to 6 were defined by Fondazione Rodolfo Debenedetti (see

www.frdb.org for details) and the index 7 was defined by Hatton (2004).
6 "All countries except Greece, [...] denote a tightening in regulations", see Boeri and

Brücker, 2005, page 634.
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Nevertheless, let see to the regularization programs adopted in Europe in

since 1973 in table 17: since 1990 there have been 26 (39 since 1973) one-shot

regularization programs in 10 EU countries.

Country Regularizations Years 
Belgium 3 1974-1975, 1995-1999, 2000 
France 5 1973, 1979, 1981-1982, 1991, 1997-1998 
Germany 2 1996, 1999 
Greece 2 1997-1998, 2001 
Italy 6 1982, 1987-1988, 1990, 1996, 1998-1999, 2002 
Luxembourg 1 2001 
Netherlands 5 1964, 1975, 1978-1979, 1991-1994, 1996 
Portugal 3 1992-1993, 1996, 2001 
Spain 7 1985-1986, 1991, 1994, 1996, 2000, 2001, 2005 
United Kingdom 5 1974-1978, 1977, 1987, 1998-1999, 2004 
Total 39  
 

Table 1: Regularization Programs in 10 EU countries.

Threfore, from one side immigration policies are becoming more and more

tighten; from another side, there is an increase of regolarizations, that is the

european policies become less tightened. Then, which kind of policy is better

for controlling immigration? Is it better to tighten or reduce the rules for legal

immigration? Or there exists a third policy to conrtol immigration waves? In

the following part we introduce a model that try to answer to these questions.

3 Ceilings on entries

3.1 The Model

For ease of exposition, the model is developed by using the familiar terminology

of agents’ entry decisions under uncertainty8. Consider the immigration decision

of individuals in a host country subject to uncertain wage gap. Let us summarize

the main assumptions:

7Table 1 is our elaboration on Jachimowicz et al. (2004, pages 36-40 ) and Sunderhaus,

(2007).
8 See Dixit-Pindyck (1994), page 253 and Moretto and Vergalli (2005).
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1. At any time t, a potential immigrant may decide to migrate ("entry").

Individuals are risk-neutral and discount the future incomes at the riskless

interest rate ρ.

2. Each individual can enter by committing forever to a flow cost w or un-

dertaking a single irreversible investment (migration) which requires an

initial sunk cost K = w/ρ.

3. Indicating by nt the number of individuals that are in the host country at

time t, each of them yields a flow of incomes:

π (θt, nt) ≡ u (nt) θt (1)

where θ is a multiplicative labour market-specific shock.

4. The function u(n) is twice continuously differentiable in n with the usual

properties:

u(n) > 0, u0(n) < 0

lim
n→0

u(n) = +∞

lim
n→∞

u(n) = u
¯
>0

5. All individuals are identical and their size dnt is infinitesimally small with

respect to the labour market.

6. The labour market-specific shock follows a geometric diffusion process:

dθt = αθtdt+ σθtdWt with θ0 = θ and α, σ Â 0 (2)

where dWt is the increment to a Wiener process, satisfying E(dWt) = 0

and V ar(dWt) = dt.

In the first part of the paper we assume that the quota is known: the exis-

tence of a limit on the aggregate level of investment induces an externality among
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the benefit functions of different firms, which causes a possible divergence be-

tween the socially-optimal and profit-maximizing policies. In the second part

we will relax this limit, by assuming that the quota might be undetermined.

3.2 Solution with defined quota

For the first result we add the following assumption:

7. There exists an exogenous determined quota N on n.

To obtain our result, let us consider the value of a firm when no entry is

taking place: the no-bubble value of the "entry", V (θ, n), must satisfy the no-

arbitrage requirement where time is suppressed if not necessary:

π (θ, n) +E[dV (θ, n) /dt] = ρV (θ, n) (3)

Assuming V (θ, n) to be twice-differentiable function of its arguments, Itbo’s
Lemma yields E[dV (θ, n)]. Substituting this into (3), the differential equation

defining V (θ, n) when there are n individuals entered in the host country and

no entry is taking place, is given by:

1

2
σ2Vθθ (θ, n) + αVθ (θ, n)− ρV (θ, n) + π (θ, n) = 0 (4)

The general solution of (4):

V (θ, n,N) = B (n,N) θβ +
θu (n)

ρ− α
(5)

Where the last term
³
θu(n)
ρ−α

´
represents the value of migration in the absence

of new entry9, B (n,N) θβ is the correction of the immigrant’s value due to the

new entry and B (n,N) must therefore be negative. The coefficient B (n,N)

can be determined by using the following suitable set of boundary conditions:

9 that is, the discounted present value of the profit flows over an infinite horizon starting

from θ (Harrison 1985, p. 44). See equation (14).
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1. First let us define θ∗ (n) as the value at which by the competitive pressure,

the value-matching condition require the value of being entered to equal

the entry cost K at θ = θ∗ (n) :

V (θ∗ (n) , n,N) = K (6)

2. The second one is the smooth-pasting condition10:

Vn (θ
∗ (n) , n,N) = 0 (7)

3. The last boundary condition to be considered applies to the value of the

N th entry. The value of the N th entry should converge to the value of

a migration computed by keeping the number of immigrants fixed at N .

From (5) this requires:

B (n,N) = 011 (8)

Therefore we can obtain this following proposition:

Proposition 1 The benefit-maximizing entry policy in a market with a quota

N is identical to the efficient entry policy until a number n*<N of individuals

have entered the market. At that point a rent run takes place, and the residual

quota is instantly filled. The entry policy is given by:

θ∗ (n) =
β

β − 1 (ρ− α)
K

u (n)
for n = (0, n∗] (9)

θ∗ (n) =
β

β − 1 (ρ− α)
K

u (n∗)
≡ (ρ− α)

K

u (N)
for n = [n∗,N ] (10)

Proof. See Bartolini (1995) and the Appendix.

10By proposition 1 of Bartolini’s (1993).
11The same assumption can be obtained by comparing (20) with (5). See Bartolini (93)

page 928 or Bartolini (95) page 47.
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The insights coming from Proposition 1 are showed in figure 1, below.

 
 
 
 
 
 
 
 
 
 
 

            θ*(t) 
  V(θ(t),n*,N) 
 
             
     V(θ(t),N,N) 
 
       

θ(n*)= θ(N) 
           V(θ(t),n”,N)      
 
      θ(n”) 
 
 
                  V(θ(t),n°,N) 
      θ(n°) 
 
 
 
 
 
 
V(θ(t),n)     K                         0          n°      n”    n*                N 

Figure 1

Figure 1 shows:

- in the first quadrant on the left entry value for different θ and n levels;

- on the right, the threshold levels for different numbers of immigrants.

With free entry, labour market competition generates a run that fills the

quota when a fraction n∗/N has been filled. Until then, the entry policy is

identical to the case without a quota: immigrants initially enter at the optimal

pace, knowing that all the potential benefits will dissipated by the early entry

of the last (N − n∗) individuals.

4 Solution with undetermined quota

So far we have studied the otpimal policy with a determined quota on the

number of individuals in a host country, but what it happens if the limit is

uncertain?

To introduce uncertainty over the quota, we replace assumption (7) with the

following assumption (7’):
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7’. Let us define the Bayesian process on N . If the function of conditioned

density is g(N ;n)12 , then F (N) is the a-priori distribution on N defined

on [0,∞) with f(0) ≥ 0. Then, we have that:

g(N ;n) =
f(N)

1− F (n)

while the probability distribution is:

G(N ;n) =
F (N)− F (n)

1− F (n)

Therefore, each individual does not know the exactly level of the limit over

the stock . The bound is decided by the Government that has perfectly in-

formation about it. So each individual gives a probability on the level of N ,

distributed according to g(N ;n).

By using the usual boudary counditions, we get:

Proposition 2 The benefit-maximizing entry policy in a market with a un-

known quota N is identical to the efficient entry policy until a number n∗∗ of

immigrants has entered the market, such that n∗ < n∗∗ < N . At that point a

rent run takes place, and the residual quota is instantly filled. The entry policy

is given by:

θ∗ (n) =
β

β − 1 (ρ− α)
K

u (n)
for n = (0, n∗∗] (11)

θ∗ (n) =
β

β − 1 (ρ− α)
K

u (n0) ≡ (ρ− α)
K

u (N)
for n = [n∗∗, N ] (12)

Proof. see the Appendix.

Let us observe figure 2: in the quadrant on the left we can observe the value

of the immigrants on the horizontal axis and the optimal threshold level on the

vertical axis; in the quadrant on the right we have the threshold level and the

number of immigrants in the host country. The red line represents the trigger

12Each firm knows that the distribution of probability changes each new entry in the market.

We then specify the firms’ beliefs at any instant of time by a state-dependent distribution and

density function of the quota N (Tsur and Zemel, 1994, 1996; Bosello and Moretto, 1999).
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depending on the number of immigrants. It is possible to stress that without

uncertainty the threshold level becomes flat at n*, as in figure 1. Instead, with

the presence of uncertainty, the competitive run happens according to the red

line, that is, at n0 > n∗ the run starts. In this sense uncertainty delays mass

entry that fills the residual quota. Therefore if the government were able to cause

noise on policy information (and if it were able to control mean and variance

of the uncertainty), it could control also the mass entry. In this sense, if the

government aim is to delay entry it is convenient to generate uncertainty. This

fact could also explain why the recent legislation on immigration shows the two

counterbalancing effects explained above.
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Figure 2

5 Conclusion

The European recent legislation on immigration reveal a peculiar paradox on

migration policies: from one side as a result of increased labour market com-

petition and concerns about terrorism, the trend of the recent legislation over

immigration points to an increasing frontier closure (OECD 1999, 2001). From
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another side, there is an increase of regolarizations, that is the european policies

become less tightened. Which is the better policies? Our aim is to study why

we find counterbalancing and opposite policies in the european immigration leg-

islation. To do this, we have used a recent approach to migration choice that

assume that the decision to migrate can be described as a investment decision

(Bartolini, 1993; Vergalli, 2007). Our results show that uncertainty over the im-

migration quota system can delay the mass entry of immigrants. Therefore, if

the government’s aim is to delay and/or control entry migration waves, it could

control the uncertainty on the information related to the immigration quota.

Indeed, if governmenet were able to control uncertainty, it could smooth the

entry of immigrants. In conclusion, between the two policies adopted (tighten

or reduce the rules for legal immigration) there exists a third policy that is to

alternate tightening and reduction in order to create uncertainty over the quota

system and control entry.
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A Appendix

A family of solutions of (4) is given by:

V (θ, n,N) = A (n,N) θγ +B (n,N) θβ + F (θ, n) (13)

where β and γ are the positive and negative roots of the quadratic equation

in λ :
¡
σ2/2

¢
λ (λ− 1) + αλ− ρ = 0 with 1<β < ρ

α and A(n,N) and B(n,N)

are the two families of integration constants; F (θ, n) is chosen as the discounted

expectation of flow payoff computed by keeping the number of immigrants fixed

at n:

F (θ, n) = E0

⎡⎣ ∞Z
0

π (n, θ) e−ρtdt | θ (0) = θ

⎤⎦ = θu (n)

ρ− α
(14)

Because the probability of entry goes to zero as θ goes to zero, one boundary

condition is that Lim
θ→0

V (θ, n,N) = 0, this implies that A(n,N) = 0, and then

equation (5).

B Proof of Proposition 1.

Proof. First, imposing the following zero-income condition13:

V (θ∗, n,N) = 0 (15)

on (5) for n = N , yields (9) and B(N,N) = 0. Next, differentiating (15)

totally with respect to n and using (7):

0 =
∂V (θ∗, n,N)

∂n
= Vθ (θ

∗, n,N)
∂θ∗

∂n
(16)

=

∙
u (n)

ρ− α
+B (n,N)β (θ∗)

β−1
¸
∂θ∗

∂n
(17)

13 Individuals are unable to trade off their decision to enter immediately against the same

decision delayed. The entry problem is now subject to the constraint that immigrants must

enter just fast enough to make expected incomes at entry equal to zero. Thus the smooth-

pasting condition (7) is replaced by (15).
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(16) splits [0, N ] into intervals where one of the following two conditions

must hold:

H (n) ≡
∙
u (n)

ρ− α
+B (n,N)β (θ∗)

β−1
¸
= 0 (18)

or

∂θ∗

∂n
= 0 (19)

where (18) is the smooth-pasting condition. Since B(N,N) = 0 and u(N)
ρ−α 6=

0, then (18) cannot hold at n = N . Therefore, it must be (19) that hold at

n = N .

Now, define n∗ as the largest n ≤ N that satisfies (18). For all n∗ ≤ n ≤ N ,

we have ∂θ∗

∂n = 0, so that all immigrants in the range [n∗, N ] must enter at

θ (t) = θ∗. For the range n < n∗, (18) holds. Applying this to the general

solution (5) gives (9). Finally, the unique solution n∗ < N is obtained by

combining (9) and (10). Let us demonstrate the uniqueness of n*: V(θ (t) , N,N)

equals the discounted income stream with benefit fixed at u(N) :

V (θ,N,N) =

Z ∞
0

e−ρt[θu (N)]dt =
θ (t)u (N)

ρ− α
(20)

comparing (20) with (5) gives B(N,N) = 0. To obtain B(n,N), substitute

(5) into (7): Bn(n,N) = − (θ∗)1−β u0 (n) /(ρ− α).

Integrating this between n and N , gives

Z N

n

Bq (q,N) dq = −
Z N

n

(θ∗)
1−β u0 (q)

ρ− α
dq (21)

Using (1), B (N,N) = 0, and changing the integration variable on the right-

hand of (21), from q to u(q), gives

Z N

n

Bq (q,N) dq = −
Z N

n

∙
π

u (q)

¸1−β
u0 (q)

ρ− α
du (q) (22)

B (n,N) =
π1−β

β (ρ− α)

£
uβ (N)− uβ (n)

¤
< 014 (24)

14 It is possible to notice that since B (n,N) < 0, then the limit for n→ N is:
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Proof. The smooth-pasting condition becomes:

H (n) =
u (n)

ρ− α
+ βθ∗

β−1
B (n,N)

=
u (n)

ρ− α
+ θ∗

β−1 π∗1−β

(ρ− α)

£
uβ (N)− uβ (n)

¤
=

u (n)

ρ− α
+ (

π∗

θ∗
)1−β

1

(ρ− α)

£
uβ (N)− uβ (n)

¤
When n = N, we have B(N,N) = 0, therefore H (N) > 0. This fact

implies that we need dθ∗

dn = 0 in order that the smooth-pasting is verified.

The consequence is that the optimal trigger for n = N cannot be θ∗(n) =

β
β−1 (ρ− α) K

u(n)
15 . In fact for n = N the trigger is θ∗(N) = (ρ− α) K

u(N)
16 .

Let us assume that function H is positive for a N − y (where y may be

infinitesimally small), the trigger does not change and we can write the smooth-

pasting condition in the following manner:

H (N − y) =
u (N − y)

ρ− α
+ (

π∗

θ∗
)1−β

1

(ρ− α)

£
uβ (N)− uβ (N − y)

¤
(25)

In this case u(N−y)
ρ−α increases but

£
uβ (N)− uβ (N − y)

¤
is negative. If

H (N − y) is still greater than zero, with π∗

θ∗ = u(N) we ought to obtain dθ∗

dn = 0.

This procedure continues until we obtain a y ( defined by n∗ = N−y) such that
H (n∗) = 0.

Let us take the first derivative with respect to y

lim
n→N

B (n,N) = 0− (24)

15 or π∗ = θ∗(n)u(n) = β
β−1 (ρ− α)K .

16 or π∗ = θ∗(N)u(N) = (ρ− α)K.
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dH(N − y)

dy
= −u

0 (N − y)

ρ− α
+ (

π∗

θ∗
)1−β

1

(ρ− α)
βuβ−1 (N − y)u0(N − y)(26)

=
u0 (N − y)

ρ− α

∙
(
π∗

θ∗
)1−ββuβ−1 (N − y)− 1

¸
=

u0 (N − y)

ρ− α

£
(u(N))1−ββuβ−1 (N − y)− 1

¤
=

u0 (N − y)

ρ− α

∙
β(

u (N − y)

u(N)
)β−1 − 1

¸
< 0

Quod erat demonstrandum if y increases (moving from N to 0) there exists

a value of n∗ (i.e. y∗ given that N is given) such that H (n∗) = 0.

C Proof of Proposition 2.

With uncertainty over the stock, equation (23) becomes:

E (B (n)) =
π∗1−β

β (ρ− α)

∙Z ∞
n

uβ (N) g (N ;n) dN − uβ (n)

¸
(27)

and then

E (B (n)) =
π∗1−β

β (ρ− α)

"R∞
n

uβ (N) f(N)dN

1− F (n)
− uβ (n)

#
< 0 (28)

This constant is negative because it worth uβ (n) > uβ (N) any N > n.

Let us take the limit of E (B (n)), in particular:

lim
n→∞

E (B (n)) =
π∗1−β

β (ρ− α)

"R∞
n

uβ (N) f(N)dN

1− F (n)
− uβ (n)

#

=
π∗1−β

β (ρ− α)

∙
−uβ (n) f(n)
−f(n) − uβ (n)

¸
=

π∗1−β

β (ρ− α)

£
+uβ (n)− uβ (n)

¤
= 0−

This result is in line with (24)17 . The smooth pasting condition strongly

depends on E (B (n)) . Therefore:

17Let us notice that limn→∞ E (B (n)) = 0 even if u (n)→u
¯
≥ 0.
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E(H (n)) =
u (n)

ρ− α
+ βθ∗

β−1
E (B (n)) (29)

=
u (n)

ρ− α
+ (

π∗

θ∗
)1−β

1

(ρ− α)

"R∞
n

uβ (N) f(N)dx

1− F (n)
− uβ (n)

#

Let us assume that u (n) →u
¯
≥ 0 when n → ∞ : when n → ∞ we obtain

E (B (n)) = 0, and in the smooth pasting we have u(∞)
ρ−α = u

¯ρ−α ≥ 0. It follows
that for an high level of n, E(H (n)) > 0, therefore also dθ∗

dn = 018 .

Let us use the definition of limit: in this case for each real number ε > 0

infinitesimely small, there exists a value n0 such that for n > n0 the difference

E(H (n0))−E(H (∞)) < ε

Nevertheless, since now we have E (H (∞)) = 0, we are able to find a value
n0 such that:

E(H (n0))− 0 < ε

If ε→ 0 it follows that n0 is the right value we are searching.

C.1 Case with u
¯
>0

Now, we have to demonstrate that dE(H(∞−y))dy < 0. We start from ∞− y: if

also in ∞ − y it is worth E (H (∞− y)) > 0 the trigger level remains π∗ =

θ∗(∞)u
¯
= (ρ− α)K, then π∗

θ∗ =u¯
. Substituting, we have:

E(H (∞− y)) =
u (∞− y)

ρ− α
+(u
¯
)1−β

1

(ρ− α)

"R∞
∞−y u

β (x) f(x)dx

1− F (∞− y)
− uβ (∞− y)

#

Taking the derivative:

d
E(H (∞− y))

dy
= −u

0 (∞− y)

ρ− α
+ (u
¯
)1−β

1

(ρ− α)
×

×
"
−uβ (∞− y) f(∞− y)(1− F (∞− y)−

R∞
∞−y u

β (x) f(x)dxf(∞− y)

(1− F (∞− y))2
+ βuβ−1 (∞− y)u0(∞− y)

#
=

18Let us notice that this result is always verified when u
¯
>0 is strictly positive when n→∞,

but it is verified also for u
¯
≥0 by using limit definition.

18



"
−u

β (∞− y) f(∞− y)

(1− F (∞− y)
−
R∞
∞−y u

β (x) f(x)dxf(∞− y)

(1− F (∞− y))2
+ βuβ−1 (∞− y)u0(∞− y)

#

d
E(H (∞− y))

dy
=

u0 (∞− y)

ρ− α

£
−1 + (u

¯
)1−ββuβ−1 (∞− y)

¤
+

+(u
¯
)1−β

1

(ρ− α)

"
−u

β (∞− y) f(∞− y)

(1− F (∞− y))
−
R∞
∞−y u

β (x) f(x)dxf(∞− y)

(1− F (∞− y))2

#
=

d
E(H (∞− y))

dy
=

u0 (∞− y)

ρ− α

∙
β
uβ−1 (∞− y)

(u
¯
)β−1

− 1
¸
+ (30)

+(u
¯
)1−β

1

(ρ− α)

"
−u

β (∞− y) f(∞− y)

(1− F (∞− y))
−
R∞
∞−y u

β (x) f(x)dxf(∞− y)

(1− F (∞− y))2

#
< 0

Also in this case, there exists a value n0 = N − y0 such that E(H (n0)) = 0 by
using:

u(n0)
u
¯

=
β

β − 1 (31)

D Comparison with respect to Bartolini:

To demonstrate that the point n∗ with certain quota, is lower than n0 with
uncertainty over the stock, we must to show two disequalities:

1. The derivative (26) with certain limit must be greater than the derivative

with uncertainty (30): this fact shows that the function (29) increases

more rapidely than (25);

2. The value of H(N−y) must be greater than the expected value E[H(∞−
y)] for any y > y∗: This fact, combined with point 1, implies that the two

functions do not intersect and that there exists a y0 such that E[H(∞−
y)] = 0.

given that E[H(∞− y)] is lower than H(N − y) and there exists a value

y∗ in order that H(N − y) = 0.

To demonstrate the first disequality, let us re-write the equation of the deriva-

tive of function H, with certain quota N :

19



dH(N − y)

dy
=

u0 (N − y)

ρ− α

∙
β(

u (N − y)

u(N)
)β−1 − 1

¸
< 0 (32)

and compare (32) with the same equation with uncertainty over the stock

(33):

d
E(H (∞− y))

dy
=

u0 (∞− y)

ρ− α

∙
β
uβ−1 (∞− y)

(u
¯
)β−1

− 1
¸

+(u
¯
)1−β

1

(ρ− α)

"
−u

β (∞− y) f(∞− y)

(1− F (∞− y))
−
R∞
∞−y u

β (x) f(x)dxf(∞− y)

(1− F (∞− y))2

#
< 0

(33)

that is:

dH(N − y)

dy
> d

E(H (∞− y))

dy
(34)

For the second disequality, let us stress the analysis with respect to any point

y greater than y∗.

H (N − y) =
u (N − y)

ρ− α
+ (u(N))1−β

1

(ρ− α)

£
uβ (N)− uβ (N − y)

¤
(35)

E(H (∞− y)) =
u (∞− y)

ρ− α
+(u
¯
)1−β

1

(ρ− α)

"R∞
∞−y u

β (x) f(x)dx

1− F (∞− y)
− uβ (∞− y)

#
(36)

(36) is lower than (35) if and only if:

R∞
∞−y u

β (x) f(x)dx

1− F (∞− y)
< 0

that is trivial to demonstrate by using the neoclassical properties. This

result can be specularly showed with respect to n, knowing that n = N − y in

the following Figure 3.
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